In this paper we study the inverse boundary value problem for the Schrödinger equation with a potential and the conductivity equation using partial Cauchy data. We derive stability estimates for these inverse problems.
Introduction
Let n 3 and ⊂ R
n be an open bounded domain with C ∞ boundary ∂ throughout the paper. Given q(x) ∈ L ∞ ( ), we consider the boundary value problem
where f ∈ H 1/2 (∂ ). Assume that 0 is not a Dirichlet eigenvalue of − q on . Then (1.1) has a unique solution u ∈ H 1 ( ). The usual definition of the Dirichlet-to-Neumann map is given by q f = ∂ ν u| ∂ where ∂ ν u = ∇u · ν and ν is the unit outer normal of ∂ . The well-known inverse problem is to determine the potential q from q . This problem was first proposed by Calderón [Ca80] . The uniqueness issue was settled by Sylvester and Uhlmann [SU87] and a reconstruction procedure was given by Nachman [Na88] . This inverse problem is known to be ill-posed. A log-type stability estimate was derived by Alessandrini [Al88] . On the other hand, it was shown by Mandache [Ma01] that the log-type estimate is optimal.
All results mentioned above are concerned with the full data, i.e., measurements are made on the whole boundary. Recently, the inverse problem with partial data has attracted some attention. In [GU01] it is proved that one can determine the two-plane transform of the potential on a plane by measuring the Cauchy data of certain approximate solutions of the Schrödinger equation on a neighbourhood of the intersection of the plane with the boundary.
A general uniqueness result with partial data was obtained by Bukhgeim and Uhlmann in [BU02] where the Neumann data were taken on a part of ∂ which is, roughly speaking, slightly larger than the half of the boundary. In [BU02] , the Dirichlet data are imposed on the whole boundary. Bukhgeim and Uhlmann's result was recently improved to a more general case in [KSU05] where the Cauchy data can be taken on any part of the boundary. In this work, we derive a stability estimate for the inverse problem considered in [BU02] . Intuitively, we expect that the stability estimate with partial data is worse than that with full data. Indeed, our estimate turns out to be a log-log type.
To state the main result, we first introduce several notations. Picking a ξ ∈ S n−1 and letting ε > 0, we define
We also write ∂ + = ∂ +,0 as well as ∂ − = ∂ −,0 . In order to study the stability estimate, we shall work in a more regular Sobolev space. Assume that u ∈ H 2 ( ) is the solution of (1.1) with u| ∂ = f ∈ H 3/2 (∂ ). We define the localized Dirichlet-to-Neumann map bỹ
So˜ q is a bounded operator from 
where K, C depend on , N, ε, n, s and σ 1 , σ 2 depend on n, s. We can also see that˜ γ is a bounded map from H 3/2 (∂ ) toH 1/2 (∂ −,ε ). Now theorem 1.1 implies that
, and
for j = 1, 2, and
where K, C depend on , N, ε, n, s and σ,σ 1 ,σ 2 depend on n, s.
The main strategy in deriving the estimate (1.2) is to adapt Bukhgeim and Uhlmann's arguments to the case˜ 1 =˜ 2 . At the end, we will get an estimate of the Fourier transform of q := q 1 − q 2 on some subset of R n . Since we can treat q as a compactly supported function, its Fourier transform is real analytic. We then modify Vessella's stability estimate for analytic continuation [Ve99] to our case here. Note that we do not claim any optimality of our estimate. Also, we want to remark that even allowing ε to be sufficiently large, our stability estimate does not include the well-known stability result of Alessandrini [Al88] for the case of full Cauchy data. This is due to the type of stability estimate for analytic continuation used in the method. For the full data problem, Alessandrini [Al88] used a different stability estimate for analytic continuation and obtained a log type estimate. However, we are not able to use this estimate in the partial data problem. In fact, for the full data problem the analytic continuation procedure is not needed [Al89] .
Preliminaries
In this section we collect some results from [BU02] and [Ve99] which are needed in the proof of theorem 1.1. The first one is the Carleman estimate for the operator − q.
where C =τ 0 /2 andτ 0 is chosen such that
In our proof, we shall use complex geometrical optics solutions for the Schrödinger operator − q which were first introduced by Sylvester and Uhlmann [SU87] . More precisely, for ρ ∈ C n with ρ, ρ = 0 and ρ = τ (ξ + iη), ξ, η ∈ S n−1 , we can find
where 0 t 2 and τ
The following result on continuous dependence in the analytic continuation problem will be very important to prove our main result. It is due to Vessella.
ζ and d(x, ∂D).
We will use this result in the special case D = B(0, 2) and E is an open subset of B(0, 1). Most importantly, we have to find a γ 1 such that (2.3) is valid for all x ∈ B(0, 1). To this end, we need to express γ 1 explicitly from [Ve99] . In [Ve99] (p 702), one has
where ω n is the measure of the n-dimensional unit ball, µ = µ(d 0 , diam D, n, ζ ), and
with A = r 2 12 √ n .
Here, r 2 = min{d(x, ∂D), r 1 } and r 1 = min{r 0 , d 0 /2}.
Stability estimate for the potential
In this section we prove the main result of this paper theorem 1.1. We are going to use the complex geometrical optics solutions and the Carleman estimate to get control of the Fourier transform of the difference of two potentials on a subset of R n . Then the estimation for the analytic continuation gives us control on all of R n and this makes possible our stability estimates.
As before we let ξ ∈ S n−1 . Fix k ∈ R n satisfying ξ, k = 0. We now set
and ρ 2 = τ ξ − i k+η 2 such that ξ, η = k, η = 0 and |k + η| 2 = 4τ 2 . Then we can see that ρ j , ρ j = 0 for j = 1, 2. Let u 2 = e x,ρ 2 1 + ψ q 2 be a solution of ( − q 2 )u 2 = 0 and letv = e x,ρ 1 1 + ψ q 1 be a solution of ( − q 1 )v = 0. We denote by u 1 the solution of ( − q 1 )u 1 = 0 in and
Multiplying this equation withv and integrating over we obtain by using the Green's formula
where dS denotes the surface measure on ∂ . We further have that q 1 − q 2 f = ∂ ν u| ∂ . Using the Carleman estimate (2.1) for q 1 and the trace theorem as well as inequality (2.2) for ψ q 1 , we estimate the first term on the right-hand side of (3.1) by
for τ τ 0 , where C = C( , ε, N) and τ 0 = τ 0 ( , N). Setting in the definition of v into the second term on the right-hand side of (3.1) gives
Also, here we note C = C ( , ε, N) . In other words, we have that
Since qu 2v dx = e −i k,x q 1 + ψ q 1 + ψ q 2 + ψ q 1 ψ q 2 dx and
we finally get from (2.2), (3.1), (3.2), and the a priori assumption of q 1 , q 2 that
where both C and c depend on , ε, and N. Varying ξ in a small conic neighbourhood U ⊂ S n−1 we get the above estimate uniformly for all k ∈ E = {x ∈ R n : x orthogonal to somẽ ξ ∈ U(ξ) ⊂ S n−1 }. Note that for t > 0 the equality tE = {tx : x ∈ E} = E holds. Next we set for fixed R > 0, which will be made precise later, and k ∈ R n f (k) = (Fq)(Rk). Here F is the Fourier transform andq denotes the trivial extension of q to R n . Then it is clear that f is analytic and Subsequently, we have
which is a positive constant (less than 1) depending on n and ε. Therefore, with
depending on ε, n, and diam( ), we get from proposition 2.2 that
holds for all k ∈ B(0, R). Using (3.4) together with (3.3) we get
It is not difficult to check that , (3.6) and (3.7) lead to
The arguments above are valid if τ τ 0 . By (3.5) we need to take R sufficiently large. So there exists a δ 1 such that if ˜ q 1 −˜ q 2 * < δ and R = 1 K log log ˜ q 1 −˜ q 2 * we have τ τ 0 .
To be more precise, we get from (3.5) that if
In other words, we will need to take δ δ 0 < 1 with
So δ 0 depends on n, ε, , and N. Thus it follows from (3.8) that
when ˜ q 1 −˜ q 2 * < δ. Now if ˜ q 1 −˜ q 2 * δ then we have
Therefore, (3.9) also holds. .
Stability estimate for the conductivity
We will prove corollary 1.2 in this section. We recall the following well-known relation:
and similarly for the localized Dirichlet-to-Neumann map
Therefore, in order to apply theorem 1.1, we need to estimate the conductivity γ on the boundary by˜ γ . The first boundary determination result was given by Kohn and Vogelius [KV84] and a stability estimate on the boundary can be obtained by their method [Al88] . Another boundary stability estimate was derived in [SU88] . We remark that both methods in [KV84] and [SU88] are local. So the same estimates should hold for the localized Dirichlet-to-Neumann map. In view of the a priori assumption of γ j , we have at least γ j , ∂ ν γ j ∈ C(∂ ), j = 1, 2. Moreover, from (1.4) we see that
for some p 0 , p 1 ∈ ∂ −,ε . Therefore, the same arguments in [Al88] give
for some 0 <θ < 1 depending only on n. Using the interpolation of operators between H (4.6)
In the same manner, we can get that for someσ 1 ,σ 2 ∈ (0, 1). The proof of corollary 1.2 is now complete.
